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We study the gravitational effects of a planar domain wall on quantum fluctuations of a massless scalar field 
during inflation. By obtaining an exact solution of the scalar field equation in de Sitter space, we show that the 
gravitational effects of the domain wall break the rotational invariance of the primordial power spectrum without 
affecting the translational invariance. The strength of rotational violation is determined by one dimensionless 
parameter /?, which is a function of two physical parameters, the domain wall surface tension o and cosmological 
constant A. In the limit of small /?, the leading effect of rotational violation of the primordial power spectrum is 
scale-invariant. 
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Introduction. Inflationary cosmology was originally pro- 
posed to solve the horizon, flatness, and monopole problems 
|1 -3|. The monopole problem, or, more generally, the topo- 
logical defect problem, arises when an early epoch of sym- 
metry breaking produces defects such as mononpoles, cosmic 
strings or domain walls. These objects redshift more slowly 
than radiation and would come to dominate the energy den- 
sity of the Universe (or leave a signal in the CMB), in conflict 
with observation [4|. Because physical distances increase ex- 
ponentially during inflation, the number density of topological 
defects is driven to zero. Heavy topological defects (i.e., asso- 
ciated with energy scales larger than that of inflation) then pre- 
sumably leave almost no detectable evidence, and the only de- 
fects we can observe today are those arising from phase tran- 
sitions which occurred after inflation Q. The formation and 
evolution of domain walls during inflation and background 
Friedmann-Robertson- Walker (FRW) Universe has been stud- 
ied analytically in ||6l . 

However, the gravitational fields of domain walls can af- 
fect the primordial quantum fluctuations of scalar fields dur- 
ing inflation. Quantum fluctuations of scalar fields in de 
Sitter space-time have been widely studied (see |7] and the 
references in) and lead to the well-known scale-invariant or 
Harrison-Zel'dovich spectrum |I3] [8] |9l- In fliis Letter, we 
study quantum fluctuations of a massless scalar field (f) in 
planar domain-wall space-times with positive A, where sta- 
tionary observers feel a repulsive constant gravitational force 
normal to the wall. The gravitational fields of a planar do- 
main wall will break the rotational symmetry of the primor- 
dial power spectrum, so the occupation numbers of modes k„ 
perpendicular to the wall are different from those of modes k|| 
parallel to it. 

The basic picture Monte Carlo simulations of domain wall 
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formation indicate that a typical system of domain walls is 
dominated by an infinite wall in addition to some closed walls, 
most having radius of curvature R ^ ^, where the correlation 
length ^ is smaller than the horizon size 1/H due to causal- 
ity fTOl. Moreover, simulations of domain wall evolution in 
radiation and matter dominated Universes indicate that each 
horizon typically contains one large domain wall, which ex- 
tends across the horizon |11|. We consider a large domain 
wall with radius R several times larger than a pre-inflationary 
horizon volume, and stationary with respect to cosmic time 
evolution. 

To completely describe the resulting gravitational fields in 
a pre-inflationary horizon, which contains a portion of the 
large wall, we must solve the Einstein field equations tak- 
ing into account the wall. However, since our present hori- 
zon I/Hq was originally a small part of the pre-inflationary 
horizon, it is sufficient to study the gravitational fields in a 
small patch. For any point p on a closed wall, one can de- 
fine a local neighborhood Mp, which is a sphere with radius 
r satisfying r « R and center at p. In Mp, the large (but 
ultimately closed) wall can be well approximated as an infi- 
nite planar wall. The dynamics of spherical domain walls in 
de Sitter space has been studied in lfT2l . Using their results, it 
can be shown that large bubbles of the type we consider have 
physical radius R which increases exponentially during infla- 
tion: R ^ i?oexp(Y^A/3T). This implies that even as the 
physical distance from the precursor of our visible universe 
to the domain wall grows during inflation, so do the size and 
radius of the wall, preserving the approximation of an infinite 
planar wall. 

In other words, if our visible Universe is well inside Mp at 
the end of inflation (i.e., the final inflated size ?/ is larger than 
I/Hq), we expect to see gravitational effects which approxi- 
mate those of an infinite planar wall. It is not difficult to satisfy 
the condition ry > l/Ho by requiring a sufficient number of 
e-foldings. So, although inflation ensures that there are no do- 
main walls in our present horizon volume after inflation, the 
gravitational effect of the large wall whose existence we as- 
sume at the beginning of inflation can still affect primordial 



quantum fluctuations during inflation, which leave an imprint 
on the CMB. The initial conditions assumed in this basic pic- 
ture are plausible (i.e., not highly improbable), given the main 
assumption that domain walls formed before inflation. 

The gravitational effects of domain walls in the thin-wall 
approximation have been discussed in ifTSHTSJI . In particu- 
larly, 1 15 1 found an exact solution of an infinite planar domain 
wall space-time with positive cosmological constant A (see 
eq. (fill) in the co-moving coordinates, where the wall is sit- 
ting at z = 0, and when surface tension a of the domain wall 
vanishes, the metric ([T]i returns to the steady-state Universe in 
conformal time (see eq. pi). So one can define the vacuum 
state for both z > and z < sides in the background metric 
([T} by assuming that when a vanishes, the vacuum state will 
correspond to the Bunch-Davies vacuum |16|. With this defi- 
nition of the vacuum state, we study the gravitational effects of 
the planar domain wall on the quantum fluctuations of a mass- 
less scalar field. We then find that rotational invariance of all 
of the fluctuation modes is broken by the gravitational fields 
of the domain wall and the resulting rotational violation in the 
primordial power spectrum turns out to be scale-invariant. 

It is known that the physical wavelengths of fluctua- 
tion modes increase exponentially during inflation: Xp ^ 
Aexp(-\/A/3r). Once the fluctuation modes cross the hori- 
zon, they become classical and their values become constant 
l9|. By associating these fluctuations with curvature perturba- 
tions, which are constant well outside the horizon, we obtain 
initial values for density perturbations. Large-scale modes, 
which remain outside the horizon at the last-scattering surface, 
will imprint their primordial values on CMB anisotropies. 
Since the power spectrum is calculated in co-moving coor- 
dinates, where the planar wall sits at z = 0, it is necessary 
to translate the original point to our galaxy, which is the cen- 
ter of our present horizon in CMB observations. Because the 
power spectrum is translation invariant, this coordinate trans- 
lation does not cause any change in our results. 

Planar domain walls in de-Sitter space-time. In the stan- 
dard cosmological model, the Universe is homogeneous and 
isotropic with respect to cosmic time evolution. Domain 
walls, once formed, will evolve to minimize their surface area, 
subject to interactions with the background enviroment [lOJ . 
If the interactions are significant this motion can be over- 
damped and the wall motion relatively slow. We neglect any 
motion relative to the thermal rest frame and take the wall to 
be co-moving along the cosmic time direction. 

The metric of a planar domain wall in de-Sitter space-time 
with reflection symmetry has been obtained in ifTSl : 



ds^ 



(77 + /3|2|)- 



:{~dr]^ + dz'^ + dx^ + dy^), (1) 



where the wall is placed at z = 0. a = ^A/12r(r + 1), 
;9 = (r - l)/(r + 1), satisfying -1 < /3 ^ 0, and T is a 
dimensionless parameter 



r = 1 



3e - V48e + 9e^ 
8 ' 



(2) 



where e = k^c^/A and a is the surface tension of the domain 
wall. Eq. (J2]), which gives < F ^ 1, is only valid for 



the coordinate ranges — oo < 77 + /3|z| < 0. When a = 0, 
the metric ([T]i is simply that of a steady-state Universe in the 
conformal time [7|. Throughout this Letter we use the units 
c = h = 1 and K = SttG. 

Domain walls produce repulsive gravitational forces |13|. 
To understand the gravitational effects of metric ([T]), we con- 
sider observers stationary relative to the wall on the z > 
side, with 4-velocities described by a future-pointing unit 
time-like vector field U = —«(?/ + /3z)9^. Their 4- 
acceleration, which is defined by ^ = VijU, has a con- 
stant magnitude \A\ = \Jg{A^ A) = |a/9| — Kcr/4 and z- 
component A^ = g{W(jU, —a{r] + I3z)dz) = — Kcr/4, where 
the minus sign denotes the acceleration toward the wall. This 
implies that the gravitational field of a planar domain wall 
produces a constant repulsive force on each observer, inde- 
pendent of their distance from the wall. For this reason, trans- 
lation invariance is not violated by the gravitational field of 
the wall. Because of the reflection symmetry, the same is true 
for the z < side. 

In the coordinates fj ^ (rj + /3z)/-\/l — P^, z = {z + 
(3ri)/y/l — j3'^, X — X and y — y, the metric M becomes 
(for z > 0) 



ds' 



¥f 



(-dif + dz^ + dx^ + d-f), 



(3) 



which describes a steady-state Universe in conformal time. 
However, if one uses the coordinates (77, z, x, y) on the z < 

^^-,f)-\-df,^ + 



side, the metric becomes ds — {^{f] — —_ 
dz^ + dip + dy^). The coordinate transformations between 
(?7, z, X, y) and if], z, x, y) are very similar to Lorentz trans- 
formations (boosts) and /3 is analogous to the relative veloc- 
ity of two inertial frames. One may notice that the wall is 
not stationary in (77, z, i, y). It is known that the motion of 
an uniformly accelerated observer O along the x^ direction 
in Minkowski space-time with the Minkowski coordinates 



{x^ 



,0 ^1 



X , X' 



') is described hy x'^ = A ^sinh At, 



A~^ cosh At and {x'^,x^) = const., where A — \A\ and 
T is the proper time of the observer ifTTl . So O's trajectory 
is hyperbolic, i.e. (x^)^ — (x°)^ = A~'^, in Minkowski 
space-time. However, the wall's motion in de-Sitter space 
with the coordinates (77, z, x, y) gives 77 = — e~"'^/a-\/l — (3'^ 
and z = — /3e~"'^/a\/l — /S^, where r is the wall's proper 
time. It turns out that the wall's trajectory, which has constant 
magnitude of acceleration \a/3\, is a straight line z — /3fj in 
de-Sitter space with the coordinates (77, z, x, y). In the coor- 
dinates (fi,z,x,y), stationary observers, who are in relative 
motion with respect to the wall and 4-velocities —y^A/Sfj 9,,, 
will follow geodesies. We conclude that the stationary ob- 
servers associated with two different coordinates (77, z, x, y) 
and (7), z, i, y) will correspond to uniformly accelerated ob- 
servers and geodesic observers, respectively. 

Before we discuss quantum fluctuations, it is helpful to de- 
scribe the metric (fT]| by introducing proper-time coordinate 
T = — - ln[— a(r/ ± /3z)] and z' 
becomes 



^Jl-P^z, so Eq. ^ 



ds^ 



-dT^± 



2/3 e"^ 



dTdz' + e2"^(dz'2 + dx^ + d7/^),(4) 



where ± corresponds to z' > and z' < sides, respec- 
tively. It is clear that the metric Q also has reflection symme- 
try about z' ~ 0. Moreover, the stationary observers, whose 4- 
velocities are dr, also have constant acceleration |^| = \a^\. 
For /3 = 0, i.e. ct = 0, the metric Q becomes the metric (|3]l 
in (f, z, X, y) coordinates, where f = — -\/3/ A ln(— -^/A/Stj). 
Since the metric ([1]) is z-dependent, one might expect that 
the primordial density fluctuations will violate translational 
invariance. On the other hand, as discussed above, the gravi- 
tational force due to a planar domain wall is z-independent, so 
density fluctuations should be translationally invariant. From 
the metric (Hli, it becomes clear that the primordial power 
spectrum will be translation invariant, since the metric (Hli 
only depends on r. Moreover, the appearance of the cross 
term g,-^ indicates that the gravitational effects of planar do- 
main walls will break the rotational invariance, i.e. 0(3) sym- 
metry, of the power spectrum. In the post-Newtonian the- 
ory [TtI, the metric components goi ^e associated with the 
3-velocities of gravitating sources. 

Quantum fluctuations in planar domain-wall space-times. 
Quantum fluctuations in de-Sitter space-time have been 
widely studied ||3] |7] (T^J. In particular, it is known that 
time-like geodesic observers in de-Sitter space-time will de- 
tect thermal radiation with temperature T = yj K/12it'^ \ 1 8J . 
A stationary observer with 4-velocity d-r in de-Sitter space- 
time, which is described by the metric Q with vanishing /3, 
will perceive an isotropic thermal bath of radiation |7|. How- 
ever, in the presence of a planar domain wall the stationary 
observer with velocity dr has constant acceleration A^, so one 
should expect that, besides the particle production due to the 
de-Sitter horizon, the constantly accelerating observer should 
detect extra particles, which are associated with the acceler- 



ation Az- A well-known example is the Unruh effect, which 
shows that an observer constantly accelerating along the z- 
axis in Minkowski space-time will see particles with temper- 
ature T = Az/2tt, though an inertial observer will detect no 
particles |19|. 

To understand the gravitational effects of a planar domain 
wall on primordial density fluctuations, we start from a mass- 
less scalar field (^ satisfying the field equation 



d*d(/) = 0, 



(5) 



where d is the exterior derivative and * is the Hodge map asso- 
ciated with the metric g. Mode functions c/jj^, which are exact 
solutions for z > 0, are 



4(^^ 



ci(fc)iJ«(fcr?) 



C2ik) H^^likf,) 



r(0 



(6) 



1/2 



where H^\'^ are Hankel functions, k = {k^ + k'^ + ky) 

and X* — {fj, x). For simplicity, we will only consider the 
solution 01^ for z > 0. Using reflection symmetry, the z < 
solution can be obtained. By noting that the metric ([T]) in the 
coordinates (fy, z, x, y) is the metric (|3]l, the normalization of 
Eq. (roll is straightforward and gives |c2(fc)P — |ci(A;)p = 
7rA/12. The choice of ci(fc) and C2(fc) corresponds to the 
choice of vacuum state 1 16 1. We require that when /3 = 0, the 
vacuum state is identical to the Bunch-Davies vacuum, i.e. 
ci(fc) = and C2{k) = ^7rA/12 ^'^. 

Since z depends on the variable rj, we should rewrite Eq. 
^ in the coordinates (77, z, x, y). Furthermore, it is useful to 
introduce the proper-time t, which satisfies e""^ — —a{ri + 
/3z), so Eq. (J6| becomes 



M^l 



A 1 / 1 + /3k • z 
6k7^ i ^1 - /32 



-3/2 



i + 



a(l-/32) 



e""^(l + /3k-z) e' 



i{kz-\-^k)z-^ikj:X~\-ikyy-{-i^e 



(7) 



where z* 



{T,x,y,z), k = [kl + kl + kl) 



2U/2 



k-l3k^ 



k^-fik 






krr and /c,. 



k, z are unit vectors 



and k • z = kz/k. When /3 goes to zero, Eq. oTJl returns to 
the well-known solution of a massless scalar field in de-Sitter 
space-time. Moreover, the /3k • z terms indicate the existence 
of a preferred direction in the primordial density spectrum. 
Eq. (|7]) also tells us that the rotational violation will appear not 
only in the low-frequency k modes but also high-frequency 
modes. The gravitational effects of the constant acceleration 
will affect all frequency modes. 

To quantize the (p field, one may expand (p in creation and 
annihilation operators, att and at, as 



d^k 

(27r)3/2 



akM^i + alKix'), 



(8) 



with the vacuum state |0), satisfying ak|0) = 0. The vacuum 
expectation value of 02 is {(j)'^{x^)) = -n^^ J |(/)k(a;*)p(i'^fc. 
It is convenient to introduce physical momenta p = /ce""'^, 
which are exponentially decreasing during inflation, to obtain 



mHx'm = 



d^p 



(27rj5)3 



1 ± /3k • z 



yr^^p2 

2(l±/3k-z) 



(9) 



where ± denotes (02 (x*)) for z > and z < sides, respec- 
tively. For those p modes with physical wavelengths Xp well 
inside the horizon, i.e. p ^ -y/A/S, the second term of Eq. 
(|9]l dominates and /3 = simply gives the vacuum fluctua- 
tions in Minkowski space-time: .^^3 J -^. However, when 
Xp crosses the horizon, i.e. p < -y/A/S, the first term, which is 



time-independent, becomes dominant and taking 13 — yields 
the well-known scale-invariant Harrison-Zeldovich spectrum. 
For the fluctuation modes which are well outside the hori- 
zon at T = T* during inflation, the spectrum of the scalar field 
fluctuations P^{k,T^.) — |0k(T*)P gives 



P, 



■/> 



A(l-/3^)i 
12fc3 



(1 + /3k • z) 



(1 - /3k • z) 



,(10) 



where ^^(k) has been made to satisfy reflection symmetry, 
i.e. P^{k) = P0(-k). So Eq. ^ is valid for both z > and 
z < 0. 

We should now discuss how Eq. ( [T0| relates to primor- 
dial curvature perturbations 7?.k, which are the initial values 
for density perturbations 5]^, and have constant value outside 
the horizon. Since the evolution of perturbed classical quanti- 
ties are described in a background homogenous and isotropic 
Universe, we should study those quantities in the geodesic co- 
ordinates (ry, z, X, y), where the metric is described by Eq. pi 
for the z > side. Taking our observable Universe to be lo- 
cated at z > 0, we transform Eq. ( [T0| , which is the power 
spectrum for classical field configurations, to the coordinates 
(r), z, X, y). It becomes 



^0(k) 



A 
12 



(k 



2/3 
1-/32 



(11) 



which is only valid for z > 0. The primordial power 
spectrum of curvature perturbation is equal to VizO^) ^ 
(P/27r2)[(i//(^)2p^(k, r)]^=T-., where (^(t) denotes the 
background slow-roll inflaton field. In the slow-roll inflation, 
we obtain 



VTzik) = 



V{^) 



487r2M4 e 



1 



1- 



2/3 k' 



1-^2 



Z x-3 



(12) 



where V{(p) is a slow-roll potential and e = ^AIp^{V' /V) 
is one of the slow -roll parameters ||9]- In order to associate 
Vtz (k) to CMB anisotropics, one should translate the original 
point to the location of our galaxy. However, because of the 
translational invariance of 7^7^(14), such translation does not 
change the results. 

The requirement |/3| <C 1 yields a constraint on the surface 
tension of the domain wall: a ^ AIpiV^'^. In this limit the 
leading-order effect of rotational violation ofVizi^) i^ 



^K(k) - 



V{^) 



247r2M4£ 



1 + 3/3 



k z 



(13) 



which may correspond to a primordial dipole 1*201. Eq- ( fT2l l 
indicates that magnitudes of rotational symmetry violation 
do not depend on frequency k, so the rotational violation of 
Viz (k) is scale-invarant. Of course, our results only apply to 



the local neighborhood Afp, where one can approximate a re- 
alistic domain wall by a planar infinite wall. If our observable 
Universe is not well inside the Afp defined at the end of infla- 
tion, one should expect to obtain not only rotational but also 
translational violation of primordial power spectrum, due to 
the curvature (deviation from planarity) of the wall. 

Discussion. Because discrete symmetries are common in 
models of fundamental physics, domain walls are a particu- 
larly plausible type of topological defect. However, their ef- 
fects are so strong that one can largely rule them out in the 
post-inflationary big bang. (See |21 1 for discussion of how to 
detect domain walls using gravitational waves.) In this Letter 
we found analytical solutions of the scalar field equation in the 
gravitational background of a planar domain wall and positive 
A. Moreover, the planar domain-wall metric (fill in the co- 
moving coordinates (77, z, x, y), which cover both z > and 
z < sides, allows us to define the vacuum state by assuming 
that when a vanishes, the vacuum state should correspond to 
the Bunch-Davies vacuum. The primordial power spectrum 
of the scalar field -P0(k), which satisfies ^^(k) = P0(— k), 
does not have rotational invariance. We further calculate the 
power spectrum of primordial curvature perturbations 7^7^(14), 
which is directly related to primordial density perturbations 
on superhorizon scales. 

Our main conclusion is that even as domain walls are in- 
flated away they leave a characteristic imprint on the quan- 
tum fluctuations of the inflaton, which could possibly lead 
to observable CMB anisotropics. Under the approximation 
1/3 1 ^ 1, the leading effect of rotational violation corresponds 
to a primordial dipole in 7^7^ (k). 

Violation of rotational and translational symmetry in the 
primordial power spectrum has been investigated recently 
II22I . motivated in part by possible large-scale CMB anoma- 
lies, e.g. alignments of low multi-poles in CMB anisotropics 
II24I l25l . Furthermore, the possible existence of CMB sta- 
tistical anisotropy has also been examined (for example, see 
EOl l23l ). Our future work will investigate the correlations 
of multipole moments of CMB anisotropics {aimO,* i/m') im- 
plied by Eq. ( 12 1, to deduce constraints on the parameter /3 



from observational data. 
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